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En all asymptotics in- co

Hamming metric D(a,y) = # coordinates when
a
, y differ

Pt : E subset of a
Lot I be an

Ec.

key things about 1.

is It
2) How fer apart the elements of I an

Def : Min
, dist of e

= min

n,ytl A(a, y)
aFy

Observation : If I has min- disto,
If L

ye[2 st D(a
, 7) <f , then

is uniquely determined by y.
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· elements of e
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Question :

How big can t be if we want the min, dist of
- to be d !

Packing balls of radius by in E?

Good setting :

d= Sn

so(k

Volume Packing Bound (Hamming Bound

If I has min , distd
,
then

(e)
:t(d)

E : do , 13 ; le+)
Elias - Bassylgo bound
Created to list-decoding) (e) 30s) d= 0(

LP-bound 2(- H(8x))n +o(n) d= S . n



(8(0x):(a)
+0x

)

eg d=3
,
ECC that can correct I error

121

Greedy Existence result

7t : ["with min, distd with
let3-)

d= 3
,
S : So, 13

72 with (e) (*)

Hamming Codes : 7 e with (e13(=)
BCU Codes : amazing codes for 5: Go

,
13

,

d:OLD

Algorithmic Questions :

Give an efficient construction of an
FC with 181 big

· Find I and an algorithm thatruns in fire

poblu , log1st) that maps 21, 2, . . . ., 1813->

bijectively-



Linear Codes

If E : (IE) ,
then

E2 = IF Y

and e &Ev is an E-linea subspace.

Limam codes are automatically efficiently encodable "given"the
Code.

Decoding : Give ye &"with the promise that
A(r.,) < Ye for some net .

Find an efficiently · (poly Cr, log(1)

Let t be a linear code. E: If
e = (IE)

Let k = die(e)
= # of Fa-information symbols in e

R Rate of e = k/sn Cs is usually 1)

Encoding Map
Linear Ejection E : I-e



chacking membershiplocalTestera I Girm y ESY,

is yo t ?
Easy for linea codes

The Best Code

Reed-Solomon Codes

= Ifar
n =

q

List : EQ, . . .

,
an3

e =((P(a) , P(ar)
.

... , Plan))
where P(X) EF[X] is apoly of deg <K.

(e) = g
*+

let is knear
,
din (e) = k+1

Itt has min. dist . T n-k

(Dey h polys can have at mosth points of agement

#Weview fchangingwithin dista at
Rate & : My ,

Re. min dist 8 : 1- = 1- R

Codes with R+ 8 =

Coptimal R vs & Eacoff) Singleton Found
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Expander Codes [Sipsen-Spielman 95]

Gives, So, 13-alphabet codes with R=MCD, S :-2)

M M e (0, 1)

G is a (S
,
2) expander if

F Seh
,
151 : Su,# IP(s)/ > <Cl-U) (s) .

degree c degree c'

C. n = C'm

Fact : V constants c
,
c7 (8

,
V) · expandas of size

(n , (n) for 8 Acts

Coda coming from G.

2: [ +: -> 20 ,3 st vERf()=3

t is a linear code over IE2
.

dim(t) = n-m = n(1 - z)
Rate : dine) : 1-



Distance :

Claims Any nouof ot has In Is.

they I has net dist 8.

Suppose f : Le It is non-zero on S. (ISI182)
We want to show that JER s. + v has an

odd #bes in S

claim : If UCL ,
Eved set has I be in s.

If every verturn in TCs) has· res 32 abig in Sj
Then

,
c(s) = 2/p(s)/

=> (PC)) E EIS) violate

expansion property.

#uniqueabis in s
. -(1-2V) · c · Is

=> I has min dist. On.

ExplicitConstruction of such extreme expanders

[CRUw]

[Golowich][CTR] HDX-based construction



Dealing :

Each constraint is either happy on not.

We look for a verten ut L set it has more

unhappy ubos than happy ubes
, flip it.

Thm : If our given received ward has dist < On from
& and r4 ,

then this algorithm findthe nearby
codeword.

We know that there are at least (It) c/s) uniquebox

of S.

qu has te uniquebre.
=>F n-S which has at least

# unhappy constraints starts at Ec. A received
,
true

and strictly reduces

Need this property :

A (creut
,
true) always is ESn,

in order to

always have a raten to flip,

So
,
at every stage of algo , #mhappy constraints 12. Se

T

Consider S at the step where 191 :On

then
,

#
unhappy constraints i <Cl-2V)b) Can
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Tamer Codes [80s]
[linear-time decoder by-Sipsen Spielman 95]

M Y

D
dregular
d-absolute eigenvalue expander
did ,

E [b
, -d]

,
Jen : -

We can get such graphs with J = 0(5a)
linear

Have a code toEd with rel dist . So and dim (to)= d(1-4)

Define1Ed

2 : Ef : -E set fledes E to rev3
outof

dim(t) nd- Inland)
= nd (l-2x0]

Chooseto <I ,
the I has rate(1)

Lemna :
I has min . dist .

I So (80-5)ndfoundeng enough



Roof : Lett be a non-zero codeword

Let U = F be the support of f.

Wat to show Iw big

#
SCL VI edes between S and T

TER

U has at least Soc edges incident on each

rater of Shand also +)

80d/s)(ve(S,
i) ↳ 1s + di

GodT

m=T

Sodm I midt do
m Sad = n .(
U fodm So(80-s(nd



TorCodes

to is a linear code & I

Tensor code to Q to

· [f : [n]-Est iCE] fli,) E to
Vjt[n] f( ,j) Eto 3

dim (loo (o) : dim Clos ·
Rate (2010) = dim

= (Rate (e.)
"

dist (2002) T dist(e

Decoding algorithm for Tanner Codes

keep doing the following

L: For each left rater v, correct fledges to a codeword in

to if it is within God of to
ofa

R- Same for right



Start with a received word with distance [C-)(8-
from a codeword. [Zenr]

Claim : This algorithm finds the nearby codeword in 0 Cloqu>
rounds.

Obs : After StepL ,
there are only happy and devastated vertices

on the left.

-L (before &
)

Let S be the set of devastated vatices afte Step 1.

Is
e

-(50-5) n

2

Let + be the set of devastated naturesafter Step L
(and then also R)

L

Get
Consider V,

the set of edges incident on S which were

not corrected by StepL .



These are God alges per weten of S-

10) > &11s
ItSode(s,+) = Is
I

-x(d + b(k)
M

Hdod < ((l-e(8-d)ItI

e(+1) - (1-46- )- ) = ((

IT-
=
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Le

So
, 13-alphabet Voluma Packing

R = 1- n(S)
Rus S

(Gilbert-Vorshamov Boud): Greedy /Random Eristence

Can have R = 1 -u (5)

focus on 8:1 - E Plotthin : For 8 ,

a. 0

Fin 8: -t

Take a random linen code of dim. Ru =IE"

Set R so that the code has dist 8.

Pick V
, , . -

- - -
, In E uniformly

Consider spam 0
,
%,2, . . -

.,Vitr-

↑ [7s + 4 ,
Sc[h] :Eve Blo,]
Bo,

15) 1 EEn

Can take K : ↓(en)
R7, RCEP) is possible



LP bound [10s] R20(Elog (t)
[Alon]

& of dist 8 :-E
-

assume I is E-biased Call non-zero codewords have

#Is E [(E)2 , (k+en]

- assume I is linear

be st v
, i . ..,Ve is a basis for I.

2
Pr [[, vi) = 1] +(-+,+++)
iE[n]

Cayley Graph

Cay (" ,
5) S : En, . . .,

u]

S
Veter set: Ich

Otoin a t atriteeachdea
n-regular



Take f:
R-

Let A be the ady materin of G

(Af)a: futui)
For a E If

define Ya:K -R
[a,x]

by Pales = (1)

(A 42)()= Ya (+ ni)

= (thi,27
i= 1

= ()<
n
,a)viaa

=1

= Pa()(((in)
Eigenvalues of Ya is

571)(a, Mis

G (-En
,

+ =n)

Process :
-

Pick XotK uniformly at random

take a random walk on G.

Xo
,
N

, . . .., Yet

Pe (o = X2+) = tr(E)



= I (1 + (2"- 1)ett)

= 1 + Et
zu

in [to = X+] = Pr [For two walks Xo
. - .., X and

XtH - - - Ye Satisfy Xo:*2. ]

= Per [to independent walks starting at to end
at the samevater]

-> irnticsreachable I
·How to a
i
+
Set

+st (t)
- 2

-nMt -f) =((x)



Explicit Constructions of Codes at 8 : -t

Optimal R =CeY

Best known R for an explicit code till 2018 was R- 0(2)

[Ta-Shma 18] Explicit code R= -L(E2
+0()

Cradum et. all Decodable in poly (a) now u't
OCK

Hae.

[Rozenna-Wigdeson]
A transformation that takes an t-biased code
and makes it an OCE2)-biased cade.

lode --E-biased , linear

J Impose a glaph d on [r]

G
~

: empander, d-regular⑧- n vertices

e = &(vi + uj)<ipeE : G
,r

.

-

..,
an) + e3

&find

#G is an expander, then E is (th+ )-biasedhercis (



Start with a code to ofeate &= 0.1

hins to : 0 · 1

Produce new codes

eit , from t with Eit = (i)+= 0(i)

Rit : Ai : Riti

Set di : (ii) di : (t)

Do this fill te : E

B : R
,
E

,
2 Eh".. · Eth

~ o(q) = 0 ((Y)



Lecture on Gap Code 05/05

Gap Codes

Reed-Muller Codes

#m = o()

1Fm Evaluate polynomials of degre d= 0. 99.

Rel dist 01

Rate R : dim(space of polys of deg [d) : (a)gr

Co .gym
m!

Q: Find S If so thatR can approach 1 While
still havingael dist =_RG) ?

mat R
=

Zu
CAPCodes Eact:polyspreseta

One can take d
,
m arbitrary



Open to find 5.I with 131 = 0 ((m)t
ret dist : RC1

known : 131 (d+m)O(

m= L GAP codes

S = [ (a+b
,
ab) : abE ITu

Eact : Polys of dog 0.g have vanish on EOP

fraction of S.

Lines h
,

h
, . . . ., Lg# in

in general position
S : E41j : Si,j3 [3

Gap codes in general

IF. H
, , . - -

-, He hyperplanes in general position.

S : [ , j : khm
,
5 = [t]3

ISI = (i)



Claim : N2Polys of degre & doe not vanish on at least

(td) points of .

R :

( If d : P . t

R : pm
8 = (1- p)m

8 : (tind) rYm + g4 = 1

Th)

If S is an interpolating set for polys of deg
t-m , than any non-zero polynomial does is non-zero

at (t-d) pts of S. of day &

codim m
Hi

,
1 Hig ....Him

F: !

codin 2 Hi Hj

Codim H,
,

. . .

,
He

Local Characterisation

For GAP Codes,

f : Se Eg is a codeword (eval table of a

dege. & poly)



iftF Lt (m -) -wise intersections of 4 :

Al is consistent with a univariate poly of deg d.

some 870

-

↑hm
.GPCodeachieveanyRh0.

(n- blocklength)


